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Abstract 



r I I In this note, we show that any continued fraction convergent of the 

y^ ' number e = 2.71828... can be derived by approximating some integral 

-fn,m := /o a;"(l — xY^e^dx {n,m € N) by 0. In addition, we present 
a new way for finding again the well-known regular continued fraction 
^ ] expansion of e. 
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g; 1 Introduction, Notations and the Result 

o . 

Throughout this paper the expression " To neglect a real number" will mean 
to approximate that number by 0. 

^ ■ A way of obtaining good rational approximations of the number e consists 

j^ . simply to neglect integrals of the form: 

In,m '■= / x"'(l - x)'"e^c?x (n, m G M, sufFlciently large) (1) 

Jo 

Actually, the neglect of such integrals is justified by the fact that /„„ tends to 
as n and m tend to infinity. Indeed, by leaning on the Euler /3-function, we have 
for all n,m eN: 



In,m <e I x"(l - x)"'dx = e ■ /3(ra + 1, m + 1) 
Jo 



(n + m + l)("t'") 



which tends to as n,m tend to infinity. Since /„^m > 0, the claimed fact that 
/„m tends to as n,m tend to infinity follows. 

For example, the calculation of /2,2 gives: /2,2 = 14e — 38. So if we neglect /2,2. 
we obtain the approximation e ~ y which is a good rational approximation of e 
since it is one of the convergents of its regular continued fraction expansion. 

The purpose of this paper is essentially to show that any convergent of 
the regular continued fraction expansion of the number e can be obtained by 
neglecting some integral /„,,«■ In addition, we present the paper in a way that 
the well-known regular continued fraction expansion of e, which is discovered for 
the first time by Euler (see e.g., [2]) and given by: 

e= [2,1,2,1,1,4,1,...] = [2,{l,2n,l}„>i] (2) 

will be proved again. Let us define: 

e':=[2,{l,2n,l}„>i]. (3) 

At the end of the paper, we show that e' = e which provides a new proof of (|2]). 
Our main result is the following: 

Theorem (the main theorem) Let n be a natural number and m be a 
positive integer such that \n — m\ < 1. Then the neglect of the integral 
In,m '■= /o x"'{l — x)"^e^dx is equivalent to approximate the number e by some 
convergent of its continued fraction expansion. 

Reciprocally, any convergent of the regular continued fraction expansion of e 
can be obtained by neglecting some integral of the form In^m with n,m E N, 
satisfying \n — m,\ < 1. 

Now, we are going to give the result which details this theorem. 
For all positive integer n, let — (with p„,g„ E N, gcd(p„,g„) = 1) denotes the 
n^^ convergent of the continued fraction expansion of e'. From ([3]), we have 

e' := [ai, a2, . . .], where ai = 2 and 

""''^^^ _ (VA;>1), (4) 

Next, according to the elementary properties of regular continued fraction ex- 
pansions (see e.g., [2]), we have: 

= anPn-l+Pn-2 ,^ . „x , r--. 

(Vn > 3). (5) 

- dnQn-l + Qn-2 

The details of the main theorem are given by the following: 



Theorem 1 (detailing the main theorem) We have: 

Ik,k = {-l)''k\{qsk-ie-p3k-i) (Vfc>l) (6) 

Ik,k+i = (-l)'fc!(g3fc+ie-P3fc+i) (VA;gN) (7) 

h+i,k = (-l)'+'A;!(g3fce-p3fc) (VA; > 1). (8) 

2 The Proofs 

To prove Theorem [H we need the following lemma: 
Lemma 2 For all positive integers n, m, we have: 

-'n— l,m— 1 ^n,m—l ~r ^n—l,m- V ^/ 

Proof. Let us prove (E]). By integring by parts, we have for all positive integers 

Jo 
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x"(l-x)'"(e")'rfx 
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0- / {ra"~^(l-x)™-m(l-a;)™"^x"}e^da; 
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as required. Now, let us prove ( TTUj) . For all positive integers n,m, we have: 

In,m-l + In-l,m = I X^ {I - X^-^^ dx + f X^-\l - x)^ 6^ dx 

Jo Jo 



f x"-^(l - xf'-^ {x + (1 - x)} e^dx 
Jo 




-'n— l,m— 1) 



as required. The lemma is proved. ■ 

Now, we are ready to prove Theorem [H 

Proof of Theorem [H We proceed by induction on A; G N. For A; = 0, 1, we 
easily check the validity of the relations of Theorem [H Now, suppose that the 
relations (E]), (IZ]) and ([HI) of Theorem [T] hold for some A; > 1 and let us show that 
they also hold for the integer (k + 1). Using Formula (^ of Lemma [2] together 
with the induction hypothesis, we have: 

Ik+l,k+l = {k + 1) {Ik+l,k — h,k+l) 

= (k + l) {i-lf+'k\iqske-p3k) - (-l)'A;!(g3fc+ie-p3fc+i)} 
= {-l)''+\k + 1)! {(gsfc + q3k+i)e - {psk + Psfc+i)} • 

But according to (j4]) and ([5]), we have: 

Psk + P3k+i = P3k+2 and q3k + qzk+i = q^k+i- 

Hence: 

4+i,fc+i = {-lf^^{k + 1)! (g3fc+2e - P3fc+2) , 

which confirms the validity of Relation (^ of Theorem [T]for [k + 1). 

Next, by using Formulas (^ and (ITU|) of Lemma Altogether with the induction 
hypothesis, we have: 

Ik+l,k+2 = {k + 2)/fc+i fc+i — [k + l)/fc,fc+2 

= {k + 2)Ik+i,k+i - (A; + 1) (/fc,fc+i - /fc+i,/t+i) 

= {2k + 3)/fc+i,fc+i - (A; + l)Ik,k+i 

= {2k + 3){k + l)(4+i,fc - Ik,k+i) -{k + l)Ik,k+i 

= {k + 1) {{2k + 3)4+1,, - {2k + 4)4,fc+i} 

= (A: + 1) [{2k + 3)(-l)^+iA;!(g3fce - psk) 

-{2k + A) {-!)'' k\{q3k+ie - psk+i)} 

= (-l)'+i(A; + 1)! {{2k + 3)(g3fce - psk) + {2k + 4)(g3fc+ie - P3k+i)] 

= {-l)^+\k + 1)! { {{2k + 3)q,k + {2k + 4)g3fc+i) e 

- {{2k + 3)p3fc + {2k + 4)p3fc+i) } (11) 



But, according to (|4]) and ([5]), we have: 

P3k+4 = P3k+3 + P3k+2 

= {{2k + 2)p3fc+2 + P3k+l) + {P3k+1 + P3k) 

= {2k + 2)p3k+2 + 2p3fc+l + Psk 

= {2k + 2) {P3k+1 +P3k) + 2p3fc+l + P3k 

= {2k + 3)p3k + {2k + 4)p3fc+i 
and similarly, we get: 

q-sk+A = {2k + 3)g3fc + {2k + 4)^3^+1. 
It follows from (^ that: 

Ik+i,k+2 = {-l)''^\k + l)!(g3fc+4e - P3fe+4), 

which confirms the validity of Relation (|7]) of Teorem [T]for the integer (A; + 1). 

Finally, by still using the formulas of Lemma [2] together with the formulas for 
Ik+i,k+i and /fc+i,fc+2 which we just proved above, we have: 

Ik+2,k+l = Ik+l,k+l — Ik+l,k+2 

= {-lf+\k + l)!(g3fc+2e - P3k+2) - {-lf^\k + l)!(g3fc+4e - P3fc+4) 

= {-lf^^{k + 1)! |(g3fc+2 - q3k+i)e - {p3k+2 -P3fc+4)| • 

But since (according to <^ and (|5])): q^k+i = gsfc+s + 93fc+2 and p3k+4 = 
P3k+3+P3k+2 then it follows that: 

Ik+2Mi = {-if^^k + l)\{q3k+3e - P3k+3), 

which confirms the validity of Relation ([H]) of Theorem [T]for the integer {k + 1). 
The three relations of Theorem [T]thus hold for (A; + 1). The proof of Theorem 
[T]is complete. ■ 

Theorem [T] permits us to establish a new proof for the fact that the regular 
continued fraction expansion for the number e is given by (E]). 

A new Proof of (^. Relation (^ of Theorem [1] shows that for all positive 
integer k, we have: 
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< — ^ (since h.k > and q3k-i G IZ,) (12) 

5 



Next, by using the simple inequalities x{l — x) < j and e^ < e (Vx G [0, 1]), we 
have for all positive integer k: 



h,k-= {x{l-x)fe'dx< j —dx 
It follows by inserting this in (TT^ that: 



e 
4^' 



P3fc-1 



^4^ <"*= S ^>- 



which shows that Hai^^ tends to e as /c tends to infinity. But since I^2*lj. represents 
the (3A; — 1)*^ convergent of the regular continued fraction expansion of e' , we 
have on the other hand linifc^+oo ^^t^ = g' Hence e = e', which confirms (|2])- 



3 Remarks about the analog of the main 
theorem concerning the number tt: 

The analogs of the integrals In,m whose the neglect leads to approximate 
the number tt by the convergents of its regular continued fraction expansion are 
not known in their general form. However, for the particular famous approxima- 
tion TT ~ y, Dalzell [T] noticed that 

^x^il-x)\ 22 

—— ,^dx = — - TT. 

1 + x^ 7 

22 



So the neglect of the later integral leads to the Archimedes approximation tt ~ y 

333 355 
106' 113 



For some other continued fraction convergents of tt (like lii, fff, • • • )• Lucas [3] 



experimentally obtained some integrals having the form 



„ dx (n, m, a,b,cE N) 

1 + x^ 



whose the neglect leads to approximate n by those convergents. 
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